Introduction {#Sec1}
============

In the past few decades, there has been considerable interest in the existence of positive periodic solutions of the first-order delayed equation $$\documentclass[12pt]{minimal}
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                \begin{document}$$ u'+a(t)u=\lambda b(t)f\bigl(u\bigl(t-\tau (t)\bigr) \bigr), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$a, b\in C(\mathbb{R},[0,\infty ))$\end{document}$ are *ω*-periodic with $$\documentclass[12pt]{minimal}
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                \begin{document}$$\int_{0}^{\omega }a(t)\,dt>0,\quad\quad \int_{0}^{\omega }b(t)\,dt>0, $$\end{document}$$ and *τ* is a continuous *ω*-periodic function. Note that when $\documentclass[12pt]{minimal}
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                \begin{document}$\lambda =0$\end{document}$, equation ([1.1](#Equ1){ref-type=""}) reduces to $\documentclass[12pt]{minimal}
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                \begin{document}$u'=-a(t)u$\end{document}$, which is well known in Malthusian population models. In real world applications, ([1.1](#Equ1){ref-type=""}) has also been viewed as a model for a variety of physiological processes and conditions including production of blood cells, respiration and cardiac arrhythmias. We refer the reader to \[[@CR1]--[@CR10]\] for some research work on this topic. Meanwhile, many authors have paid attention to the corresponding differential systems of ([1.1](#Equ1){ref-type=""}), namely, $$\documentclass[12pt]{minimal}
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                \begin{document}$$u'_{i}+a_{i}(t)u_{i}=\lambda b_{i}(t)f_{i}(u_{1},u_{2}, \ldots,u_{n}), \quad i=1,2,\ldots,n, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$a_{i}, b_{i}\in C(\mathbb{R},[0,\infty ))$\end{document}$ are *ω*-periodic functions, and also supposed to satisfy $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{0}^{\omega }a_{i}(t)\,dt>0,\quad\quad \int_{0}^{\omega }b_{i}(t)\,dt>0, \quad i=1,2, \ldots,n. $$\end{document}$$ See, for instance, Wang \[[@CR11], [@CR12]\], Chen et al. \[[@CR13]\] and the references therein.
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                \begin{document}$i=1,2,\ldots,n$\end{document}$), employed usually to guarantee the linear boundary value problem $$\documentclass[12pt]{minimal}
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                \begin{document}$$ u'+a(t)u=0,\quad\quad u(0)=u(\omega ) $$\end{document}$$ is non-resonant, has played a key role in the arguments of the above-mentioned papers. Indeed, it ensures a number of tools, such as fixed point theory, bifurcation theory and so on, could be applied to study the corresponding problems and establish desired existence results. Here ([1.2](#Equ2){ref-type=""}) is called non-resonant if the unique solution of it is the trivial one. Moreover, if ([1.2](#Equ2){ref-type=""}) is non-resonant then, provided that *h* is a $\documentclass[12pt]{minimal}
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                \begin{document}$$u'+a(t)u=h(t),\quad\quad u(0)=u(\omega ) $$\end{document}$$ always admits a unique solution, which can be written as $$\documentclass[12pt]{minimal}
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                \begin{document}$$x(t)= \int_{0}^{\omega }G(t,s)h(s)\,ds, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$G(t,s)$\end{document}$ is the Green's function associated to ([1.2](#Equ2){ref-type=""}), see \[[@CR7]--[@CR13]\] for more details.

Compared with the non-resonant problems, the research of the resonant problems proceeds very slowly and the related results are relatively little. Therefore inspired by the existing literature, we study the existence of positive periodic solutions of the following first-order delayed differential system: $$\documentclass[12pt]{minimal}
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                \begin{document}$L_{b}u:=u'+b(t)u$\end{document}$ is non-resonant.

Recently, Domoshnitsky et al. \[[@CR14]\] studied the following system of periodic functional differential equations: $$\documentclass[12pt]{minimal}
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                \begin{document}$c_{i}\in \mathbb{R}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,\ldots,n$\end{document}$. Note that if the corresponding homogeneous problem $$\documentclass[12pt]{minimal}
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                \begin{document}$c=\operatorname{col}(c_{1},\ldots,c_{n})$\end{document}$, system ([1.5](#Equ5){ref-type=""}), ([1.6](#Equ6){ref-type=""}) admits a unique solution *x* defined as \[[@CR15]\] $$\documentclass[12pt]{minimal}
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Remark 1.1 {#FPar1}
----------

Note that *a* and *f* are assumed to be sign-changing, and therefore system ([1.3](#Equ3){ref-type=""}) is more general than corresponding ones studied in the existing literature. For other research work on nonlinear differential equations at resonance, we refer the reader to \[[@CR18]--[@CR21]\] and the references listed therein.

The rest of the paper is arranged as follows. In Sect. [2](#Sec2){ref-type="sec"}, we introduce some preliminaries. And finally in Sect. [3](#Sec3){ref-type="sec"}, we state and prove our main results. In addition, several remarks will be given to demonstrate the feasibility of our main results.

Preliminaries {#Sec2}
=============
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Lemma 2.2 {#FPar3}
---------

*Let* (H1)*--*(H4) *hold*. *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T(\mathcal{P}) \subseteq \mathcal{P}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T:\mathcal{P}\to \mathcal{P}$\end{document}$ *is compact and continuous*.

Proof {#FPar4}
-----

Using (H3), and similarly to the proof of \[[@CR12], Lemmas 2.2, 2.3\] with obvious changes, we can easily get the conclusion. □

The following lemma is crucial to prove our main results.

Lemma 2.3 {#FPar5}
---------

(Guo--Krasnoselskii's fixed point theorem \[[@CR22], [@CR23]\])
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Main results {#Sec3}
============

In this section, we shall state and prove our main findings. First we give the following notations: $$\documentclass[12pt]{minimal}
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In the following, we investigate the multiplicity of positive *ω*-periodic solutions of system ([1.3](#Equ3){ref-type=""}). To the end, we suppose: (H5)$\documentclass[12pt]{minimal}
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Theorem 3.3 {#FPar10}
-----------

*Let* (H1)*--*(H5) *hold*. *Then* ([1.3](#Equ3){ref-type=""}) *admits at least two positive* *ω*-*periodic solutions*.
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-----

Define $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega_{3}=\bigl\{ u\in E: \Vert u \Vert < \alpha \bigr\} . $$\end{document}$$ Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varOmega_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varOmega_{2}$\end{document}$ be the same as in the proofs of Theorems [3.1](#FPar6){ref-type="sec"} and [3.2](#FPar8){ref-type="sec"}. Then, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< r<\alpha <R$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\bar{\varOmega }_{1}\subseteq \varOmega_{3}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\bar{\varOmega }_{3}\subseteq \varOmega_{2}$\end{document}$.

Applying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{0}=0$\end{document}$ and ([3.1](#Equ12){ref-type=""}), and by an argument similar to the first part of the proof of Theorem [3.1](#FPar6){ref-type="sec"}, we can obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert Tu \Vert \leq \Vert u \Vert , \quad \forall u\in \mathcal{P}\cap \partial \varOmega_{1}. $$\end{document}$$ Similarly, combining $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{\infty }=0$\end{document}$ and ([3.2](#Equ13){ref-type=""}), we conclude $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert Tu \Vert \leq \Vert u \Vert , \quad \forall u\in \mathcal{P}\cap \partial \varOmega_{2}. $$\end{document}$$ Obviously, the proof is finished if we prove $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Vert Tu \Vert \geq \Vert u \Vert ,\quad \forall u\in \mathcal{P}\cap \partial \varOmega_{3}. $$\end{document}$$

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in \mathcal{P}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert u\Vert =\alpha $\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma \alpha \leq \sigma \Vert u\Vert \leq u(t)\leq \Vert u\Vert =\alpha $\end{document}$, which together with (H5) yields $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(t,u)>\bigl(\mu -\sigma \chi (t)\bigr)\alpha , \quad t\in [0,\omega ], $$\end{document}$$ and then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(t,u)+\chi (t)u\geq f(t,u)+\sigma \chi (t)\alpha >\mu \alpha , \quad t \in [0, \omega ]. $$\end{document}$$ Thus, similar to the first part of the proof of Theorem [3.2](#FPar8){ref-type="sec"}, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Tu(t)\geq m\omega \mu \alpha =m\omega \mu \Vert u \Vert \geq \Vert u \Vert , $$\end{document}$$ and ([3.5](#Equ16){ref-type=""}) is true. By Lemma [2.3](#FPar5){ref-type="sec"}, *T* has two fixed points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{2}$\end{document}$, located in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{P}\cap (\bar{\varOmega }_{3}\setminus \varOmega_{1})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{P}\cap (\bar{\varOmega }_{2}\setminus \varOmega _{3})$\end{document}$, respectively. Hence, ([1.3](#Equ3){ref-type=""}) admits at least two positive *ω*-periodic solutions. □

Conversely, if (H5) is replaced with: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\mathrm{H}5)'$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{0}=\infty =f_{\infty }$\end{document}$, and there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha >0$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \max \bigl\{ f(t,u): \sigma \alpha \leq u\leq \alpha , t\in [0,\omega ]\bigr\} < \bigl( \epsilon -\chi (t)\bigr)\alpha , \\& \max \bigl\{ g(t,u): \sigma \alpha \leq u\leq \alpha , t\in [0,\omega ]\bigr\} < \varepsilon \alpha , \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\epsilon >0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varepsilon >0$\end{document}$ satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\epsilon M\omega \leq \frac{1}{2}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega \varepsilon \tilde{M}Mh_{0}\leq \frac{1}{2}$\end{document}$, respectively, then similar to the proof of Theorems [3.1](#FPar6){ref-type="sec"}--[3.3](#FPar10){ref-type="sec"}, we can prove the following.
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Remark 3.1 {#FPar13}
----------

We would like to point out that the results of Theorems [3.1](#FPar6){ref-type="sec"}--[3.4](#FPar12){ref-type="sec"} remain true for the special case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a(\cdot )\equiv 0$\end{document}$, i.e., for system $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textstyle\begin{cases} u'=h(t)v+f(t,u(t-\tau (t))), \\ v'+b(t)v=g(t,u(t-\tau (t))). \end{cases} $$\end{document}$$

Remark 3.2 {#FPar14}
----------

It is worth remarking Theorems [3.1](#FPar6){ref-type="sec"}--[3.4](#FPar12){ref-type="sec"} apply to some equations which cannot be treated by the results of \[[@CR7]--[@CR10]\], and thus our main results are novel.

Conclusions {#Sec4}
===========

We establish several novel existence theorems on positive periodic solutions for delayed differential systems ([1.3](#Equ3){ref-type=""}), via fixed point theorem in cones. Our main findings Theorems [3.1](#FPar6){ref-type="sec"}--[3.4](#FPar12){ref-type="sec"} not only enrich and complement those available in the literature, but they also apply to some systems (equations) which cannot be dealt with by the results appeared in the existing literature.
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